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The ability to interpret machine learning models has become increasingly important as their 
usage in data science continues to rise. Most current interpretability methods are optimized to 
work on either (i) a global scale, where the goal is to rank features based on their contributions 
to overall variation in an observed population, or (ii) the local level, which aims to detail 
on how important a feature is to a particular individual in the data set. In this work, a new 
operator is proposed called the “GlObal And Local Score” (GOALS): a simple post hoc approach to 
simultaneously assess local and global feature variable importance in nonlinear models. Motivated 
by problems in biomedicine, the approach is demonstrated using Gaussian process regression 
where the task of understanding how genetic markers are associated with disease progression 
both within individuals and across populations is of high interest. Detailed simulations and real 
data analyses illustrate the flexible and efficient utility of GOALS over state-of-the-art variable 
importance strategies.

1. Introduction

Over the past decade, “interpretability” has become a major focus in statistical and probabilistic machine learning. While there 
remains to be a universal definition for what makes a computational method interpretable (e.g., Carvalho et al., 2019; Guidotti et 
al., 2018; Hall, 2019), it generally refers to a model’s “ability to explain or to present in understandable terms to a human” (e.g., 
Doshi-Velez and Kim, 2017). The simple structure of linear models gives an intrinsic interpretation to their parameters and, as a 
result, enables them to be used for downstream tasks that extend beyond prediction. Part of the utility of linear models is their ability 
to provide well-calibrated significance measures such as 𝑃 -values, posterior inclusion probabilities (PIPs), or Bayes factors — all of 
which lend a notion of statistical evidence about how important each feature is in explaining an outcome variable. Unfortunately, 
linear models can be underpowered and infeasible to implement in practice. The strict additive assumptions underlying linear 
regression can be a hindrance in many supervised learning tasks where the variation of a measured response is dominated by 
nonlinear interactions. As data collection technologies continue to advance, even the most powerful linear models have struggled 
scale to high dimensions due to both inefficient model fitting procedures (e.g., Lin et al., 2022; Lippert et al., 2011; Runcie and 
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Crawford, 2019; Schulz et al., 2020; Trippe et al., 2021) and increasingly large combinatorial feature spaces when searching over 
both additive and non-additive effects (e.g., Agrawal et al., 2019; Crawford et al., 2017; Stamp et al., 2023).

Machine learning methods can overcome limitations of linear regression by accommodating nonlinear relationships between 
features (e.g., through activation units in neural networks or via nonparametric covariance functions in Gaussian processes) and 
implement scalable training algorithms. However, many machine learning methods are also known to be “black box” since they are 
not inherently transparent about how parameters are learned in making decisions and predicting outcomes (e.g., DeGrave et al., 2021; 
Rudin, 2019, 2022). Classically, there are two strategies to achieving interpretability of machine learning methods. The first solution 
attempts to achieve intrinsic interpretability by limiting the architecture of machine learning methods to simple structures (Ai and 
Narayanan Ramasamy, 2021). As an example, in the biomedical sciences, a recent trend has been to develop customized neural 
network architectures that are inspired by biological systems (e.g., Bourgeais et al., 2021, 2022; Demetci et al., 2021; Elmarakeby 
et al., 2021; Fortelny and Bock, 2020). Rather having fully connected, potentially over-parameterized architectures, these newer 
frameworks have partially connected architectures that are based on (i) annotations in the literature or (ii) derived from relationships 
between features that have been identified through real-world evidence. In the biomedical application example, each neural network 
node has an intrinsic interpretation because they encode some biological unit (e.g., signaling pathways, protein motif, or gene 
regulatory network) and each weight connecting nodes represent known relationships between the corresponding units. A key aspect 
of this partially connected modeling approach is that it depends on reliable domain knowledge to generate these architectures. When 
this level of information is not available, as is the case for many practical scientific problems, implementing this strategy can be 
extremely challenging.

The second strategy to gain interpretability uses post hoc or auxiliary methods to assess the importance of features after a model 
has been trained. A wide range of such “sensitivity scores” has been proposed in the literature which aim to quantify variable 
importance by measuring the amount predictive accuracy that is lost when a particular feature is perturbed (Lundberg and Lee, 
2016). One group of methods are called “salience methods” (also commonly known as “saliency maps”; Simonyan et al., 2014) 
which, in their simplest form, provide variable importance by calculating the gradient of a model loss function with respect to each 
feature for a class of interest. Kindermans et al. (2019) showed that these types of attribution approaches can be highly unreliable 
in the presence of simple noise structures. Other common examples in this second class of methods include information criterion 
(Gelman et al., 2014), distributional centrality measures (Crawford et al., 2019; Paananen et al., 2019, 2021; Piironen and Vehtari, 
2016, 2017; Woo et al., 2015), Shapley Additive Explanations (SHAP) (Chen et al., 2022; Lundberg and Lee, 2017), and knockoffs 
(Candès et al., 2018; Sesia et al., 2020, 2021). Each of these methods have been shown to have their advantages, but one limitation 
they all have in common is that they mainly focus on addressing either (i) global interpretability where the goal is to rank/select 
features based on their contributions to overall variation in an observed population, or (ii) local interpretability which aims to detail 
how important a feature is to any particular individual in the data set. In many scientific applications, it would be ideal to have a 
measure that leads to conclusions on both scales, simultaneously. For example, in human health, it is important to understand how 
a gene is associated with the general progression of a disease — but, for the purpose of precision medicine, it is also important to 
understand how certain genes might have disproportionate effects on individuals coming from different subpopulations (e.g., Martin 
et al., 2019; Smith et al., 2022).

In this work, we present the “GlObal And Local Score” (GOALS) operator: a simple approach that builds off of the distributional 
centrality literature to provide a measure that assesses both local and global variable importance for features, simultaneously. Our 
method is entirely general with respect to the modeling approach taken. The only requirements are that we have access to the 
fitted model and the ability to generate out-of-sample predictions. As a general illustration of our approach, we focus on using 
Gaussian process regression. However, also note that this variable importance approach immediately applies to other probabilistic 
methodologies such as neural networks (e.g., see review in Conard et al., 2023). We assess our proposed approach in the context 
of statistical genetics as a way to highlight data science applications that (i) contain outcomes that are driven by many covarying 
and interacting features (e.g., pairwise interactions between genes; Crawford et al., 2017) and (ii) can contain diverse subsets of 
populations where the importance of features may not be uniform across all individuals in the data. The remainder of the paper 
is organized as follows. First, we briefly detail the distributional centrality framework for achieving interpretability in nonlinear 
regression. Here, we review Gaussian processes, motivate the need for an effect size (regression coefficient) analog for features, and 
define the concept of relative centrality which can be used to perform variable importance. In the next section, we derive the GOALS 
operator and detail its ability to make local and global interpretations for features. Lastly, we show the utility of our methodology 
with extensive simulations and a real data analysis of complex traits assayed in a heterogeneous stock of mice from Wellcome Trust 
Centre for Human Genetics (Valdar et al., 2006a,b).

2. Overview: distributional centrality for nonlinear models

In this work, we will follow positions taken by previous studies and assume that an interpretable statistical method is made up of 
three key components: (i) a motivating probabilistic model, (ii) a notion of an effect size (or regression coefficient) for each feature 
and (iii) a metric that determines the statistical significance of each feature according to a well-defined null hypothesis (Crawford 
et al., 2019). The third component is commonly defined by the task of achieving either global or local interpretability. The main 
objective of global interpretability is to identify features that best explain the variation of an outcome variable within an observed 
population. In contrast, local interpretability aims to provide an explanation on how important a single feature is to any particular 
individual in the data set. The purpose of this section is to review background which allows us to demonstrate all three of these key 
2

components within the context of Bayesian Gaussian process regression for continuous outcomes; however, note that extending this 
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theoretical framework to other nonlinear methods (e.g., neural networks; Conard et al., 2023; Ish-Horowicz et al., 2019), as well 
as to categorical outcomes (e.g., binary class labels in case-control studies) (e.g., Zhang et al., 2011), is straightforward. In terms of 
global interpretability, we will introduce the concept of an effect size analog and describe how distributional centrality measures 
can be used to perform post hoc variable prioritization (also sometimes referred to as performing “variable importance” in certain 
areas of the literature). We then comment on the landscape of existing approaches to assess local interpretability within these same 
methods and discuss some the need for unifying these concepts for various statistical applications.

2.1. Weight-space Gaussian process regression

Consider a data set where 𝐲 is a continuous response vector of length 𝑁 and 𝐗 is an 𝑁 × 𝐽 design matrix with 𝑁 observations 
and 𝐽 covariates. To build intuition, we begin by specifying a standard linear regression model to analyze the outcome variable such 
that

𝐲 = 𝒇 + 𝜺, 𝒇 =𝐗𝜷, 𝜺 ∼ (𝟎, 𝜎2𝐈), (1)

where the function to be estimated 𝒇 is assumed to be a linear combination of the features in 𝐗 and their respective effects denoted 
by the 𝐽 -dimensional vector 𝜷 = (𝛽1, … , 𝛽𝐽 ) of additive coefficients, 𝜺 is a normally distributed error term with mean zero and scaled 
variance term 𝜎2, and 𝐈 denotes an 𝑁 ×𝑁 identity matrix. For convenience, we will assume that the response variable has been 
centered and standardized to have mean zero and standard deviation equal to one. A nonzero mean and non-unit variance of the 
response could be incorporated by including and estimating an overall intercept and scale.

It has been well documented that linear models can be underpowered when the variation of the outcome is driven by non-additive 
effects (e.g., Cheng et al., 2019; Pérez-Cruz et al., 2013; Yoshikawa et al., 2015). For example, in genetics applications, nonlinear 
models have been shown to outperform linear regression in the presence of gene-by-gene interactions (Jiang et al., 2019; McCaw et 
al., 2022; Weissbrod et al., 2016; Zhou et al., 2022). In these cases, the assumption in Eq. (1) that the variation in the response 𝐲
can be fully explained by additive effects is restrictive. One way to overcome this limitation is to conduct model inference within a 
high-dimensional function space. In this work, we take a general nonparametric approach and conduct inference in a reproducing 
kernel Hilbert space (RKHS) by specifying a Gaussian process (GP) prior over the data such that

𝑓 (𝐱) ∼ (𝑚(𝐱), 𝑘𝜃(𝐱,𝐱′)), (2)

where 𝑓 (∙) is defined by its mean function 𝑚(∙) (which we will consider to be fixed at zero) and positive definite covariance function 
𝑘𝜃(∙, ∙). In practice, we assume that our model is only evaluated on the 𝑁 observations in our data. When conditioning on these finite 
samples (or finite set of locations), the GP prior in Eq. (2) becomes a multivariate normal distribution (Kolmogorov and Rozanov, 
1960; Rasmussen and Williams, 2006) and we can write the following “weight-space” nonlinear regression model

𝐲 = 𝒇 + 𝜺, 𝒇 ∼ (𝟎,𝐊), 𝜺 ∼ (𝟎, 𝜎2𝐈). (3)

Here, 𝒇 = [𝑓 (𝐱1), … , 𝑓 (𝐱𝑁 )] is a normally distributed random variable with mean vector 𝟎, and the covariance matrix 𝐊 is computed 
with each element given by 𝑘𝑖𝑖′ = 𝑘𝜃(𝐱𝑖, 𝐱𝑖′ ) where 𝐱𝑖 and 𝐱𝑖′ denote the features for the 𝑖-th and 𝑖′-th observation, respectively. 
Many covariance functions have been shown to implicitly account for higher-order interactions between features, which often lead 
to more accurate characterization of complex data types (Cotter et al., 2011; Crawford et al., 2018; Demetci et al., 2021; Murdoch 
et al., 2019; Tsang et al., 2018a,b; Wahba, 1990). For the demonstrations in the main text of this paper, we will consider 𝑘𝑖𝑖′ to be a 
nonlinear shift-invariant function.

Altogether, the “weight-space” GP regression model in Eq. (3) can be seen as a generalization of the linear model in Eq. (1) which 
uses a nonlinear covariance 𝐊 to account for non-additive interactions between features instead of the usual (additive) gram matrix 
𝐗𝐗⊺∕𝐽 (e.g., Lippert et al., 2011; Zhou and Stephens, 2012). Lastly, the GP model can also be easily extended to accommodate fixed 
effects that are specific to the observations being studied (e.g., age, socioeconomic status) (de los Campos et al., 2009; Shi et al., 
2012). We will not explicitly consider the inclusion of fixed effects here and, instead, will leave those explorations to the reader.

2.2. Effect size analogs and relative centrality measures

In this section, we assume access to some trained Bayesian model with the ability to fully characterize or draw samples from its 
posterior predictive distribution. A central goal in many statistical applications is to jointly infer the true effect size and statistical 
significance of each feature that is put into the model. One classic strategy for estimating the regression coefficients in the linear 
model presented in Eq. (1) is to use least squares where the response variable is projected onto the column space of the data 
𝜷 ∶= Proj(𝐗, 𝐲) =𝐗†𝐲 with 𝐗† denoting some generalized inverse of the design matrix. Under the generative model in Eq. (3) for the 
response variable 𝐲, 𝜷 = [𝛽1, … , 𝛽𝐽 ] is a random variable with elements that can be interpreted as the (additive) effect size for each 
feature in the data set.

The effect size analog was developed with the intention of being the nonparametric version of a regression coefficient for each 
feature of a nonlinear model (Crawford et al., 2018). In general, this leverages the idea that 𝔼[𝐲 | 𝐗] = 𝔼[𝒇 | 𝐲] when conditioning 
on 𝑁 finite observations in Eq. (3). Thus, similar to the linear regression case, the effect size analog can be defined by projecting 
the smooth nonlinear function onto the column space of the data. While there are many projections one can use (e.g., Kowal, 2021; 
3

Woody et al., 2021), we will consider the following least squares-like projection where
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𝜷 ∶= Proj(𝐗,𝒇 ) =𝐗†𝒇 . (4)

This is a simple way of understanding the relationships between the features and the response that the nonlinear model has learned. 
Under the linear projection, the effect size analogs in Eq. (4) have the usual interpretation. For example, while holding everything 
else constant, increasing the 𝑗-th feature by 1 will increase 𝒇 by 𝛽𝑗 (Crawford et al., 2018). Importantly, because of the closed-form 
projection, drawing samples from the posterior distribution of 𝒇 can be deterministically transformed to samples from the implied 
posterior distribution of the effect size analogs.

Similar to regression coefficients in linear models, the effect size analog is not enough on its own to determine variable importance. 
Indeed, there are many ways to achieve global interpretability based on the magnitude of effect size estimates (e.g., Barbieri and 
Berger, 2004; Hoti and Sillanpää, 2006; Stephens and Balding, 2009), but many of these approaches rely on arbitrary thresholding 
and fail to theoretically test a null hypothesis. One analogy to traditional Bayesian hypothesis testing for nonparametric regression 
methods is a post hoc approach for association mapping via a series of “distributional centrality measures” using Kullback–Leibler 
divergence (KLD) (e.g., Alaa and van der Schaar, 2017; Goutis and Robert, 1998; Piironen and Vehtari, 2016, 2017; Smith et al., 
2006; Tan et al., 2017; Woo et al., 2015). Assume that we have a collection samples from the implied posterior distribution of the 
effect size analog. We can summarize the importance of the 𝑗-th feature in our data by taking the KLD between (i) the conditional 
distribution 𝑝(𝜷−𝑗 | 𝛽𝑗 = 0) with the effect of that feature being set to zero and (ii) the marginal distribution 𝑝(𝜷−𝑗 ) with the effect of 
that feature having been marginalized over. This is defined by solving the following

KLD(𝑗) ∶= KL
[
𝑝(𝜷−𝑗 )‖𝑝(𝜷−𝑗 |𝛽𝑗 = 0)

]
= ∫̃
𝜷−𝑗

log

(
𝑝(𝜷−𝑗 )

𝑝(𝜷−𝑗 |𝛽𝑗 = 0)

)
𝑝(𝜷−𝑗 )d𝜷−𝑗 , (5)

for each 𝑗 = 1, … , 𝐽 features in the data. We can normalize each of these quantities to obtain a final global association metric

RATE(𝑗) = KLD(𝑗)∕
∑

KLD(𝑙). (6)

The above metric is referred to as the “RelATive cEntrality” measure or RATE (Crawford et al., 2019). There are two main takeaways 
that are important about this metric. First, the KLD(𝑗) value is non-negative, and it equals zero if and only if removing the effect of a 
given feature has no impact on explaining the modeled outcome or response (i.e., the posterior distribution of 𝜷−𝑗 is independent of 
𝛽𝑗 ). Second, the RATE measure is bounded on the unit interval [0, 1] with the natural interpretation of providing relative evidence 
of importance for each feature (where values close to 1 suggest greater importance). From a classical hypothesis testing point-of-
view, the null under RATE measure assumes that each feature is equally associated with the outcome, while the alternative assumes 
proposes that some features are much more important than others. Formally, this can be stated as

𝐻0 ∶ RATE(𝑗) = 1∕𝐽 vs. 𝐻𝐴 ∶ RATE(𝑗) > 1∕𝐽, (7)

where 1∕𝐽 represents the level that all features in the data have the same relative variable importance.

2.3. Limitations of the current distributional centrality framework

There are several notable shortcomings with effect size analog and RATE framework. First, calculating both the effect size analog 
and the KLD for each feature in turn is computationally expensive even with low-rank matrix approximations (Crawford et al., 2019). 
Both of these operations involve taking inverses of matrices on the order of 𝐽 . As the number of features 𝐽 grows, these calculations 
become infeasible. Second, the significance threshold 1∕𝐽 → 0 as 𝐽 →∞, which effectively means that all variables will be considered 
important for high-dimensional settings. Third, while this framework summarizes the global association for each feature within the 
observed population, it lacks the ability to locally explain how important variables are to each individual observation in the data. 
This limits its potential impact, for example, within the context of precision medicine where the goal is to provide individualized 
patient care. Finally, the least squares projection for the effect size analog in Eq. (4) will only estimate nonlinear effects that are 
correlated with the linear effects of each feature (Kowal, 2021; Smith et al., 2023; Woody et al., 2021). To see this, define a matrix 
𝐙 whose elements are just each column of 𝐗 squared. Theoretically, we could define quadratic effects by taking the residuals from 
the regression of 𝒇 on 𝐗 and regressing them onto 𝐙 in the following way

𝜸 = (𝐙⊺𝐙)†𝐙⊺ (𝐈− (𝐗⊺𝐗)†𝐗⊺)𝒇 .
Here, implementing the RATE measure on these new effect sizes 𝜸 would yield global importance on the quadratic functions of each 
feature in the data. However, note that 𝜸 vanishes if we combine 𝜷+𝜸 via linear projections onto 𝐗. Therefore, if we wanted to study 
all linear and quadratic effects together, we would instead need to consider a nonlinear projection such as 𝜷

2
+ 𝜸2. The projection 

operator in Eq. (4) will sometimes miss nonlinear relationships because it only ends up evaluating the part of the nonlinear function 
𝒇 that is linearly associated with each feature. Each of these issues serve as motivation to develop an alternative and more unified 
4

framework for nonlinear models.
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3. Global and local score operators in nonlinear models

We now present a simple alternative to achieve interpretability in nonlinear regression models. We will refer to this new summary 
as the “GlObal And Local Score” (GOALS) operator with the aim to simultaneously identify features that are significantly associated 
with a response variable across a population as well as explain marginal feature effects on an individual level. Again, let 𝒇 be a func-
tion that is estimated from a nonlinear model (e.g., a Gaussian process) and consider the scenario where we want to investigate the im-
portance of the 𝑗-th feature in explaining what that function has learned from the data. To do so, we define perturbed features 𝐗 +𝚵(𝑗), 
where 𝚵(𝑗) is an 𝑁 ×𝐽 matrix with rows 𝝃(𝑗) equal to all zeros except for the 𝑗-th element which we set to be a vector of some positive 
constant 𝜉. We then define a random variable 𝐠(𝑗) = [𝑓 (𝐱1 + 𝝃(𝑗)), … , 𝑓 (𝐱𝑁 + 𝝃(𝑗))]. If we think about the interpretation of a regres-
sion coefficient in a linear model as detailing the expected change in the mean response given a 𝜉-unit increase in the corresponding 
covariate (holding all else constant), then a natural quantity to understand the importance of each variable is to study the difference

𝜹(𝑗) = 𝒇 − 𝐠(𝑗). (8)

Here, each element of the length 𝑁 vector 𝜹(𝑗) = (𝛿(𝑗)1 , … , 𝛿(𝑗)
𝑁
) reflects the importance of the 𝑗-th variable for the model fit with 

respect to each sample. In other words, it quantifies local variable importance by measuring how much the response changes 
when a particular feature is perturbed (i.e., similar to the objective of other sensitivity score-based methods). The sample average 
𝛿(𝑗) =

∑
𝑖 𝛿

(𝑗)
𝑖
∕𝑁 can then be interpreted as a global effect size for the 𝑗-th variable within the observed population. Intuitively, under 

the null hypothesis of there being no relationship between the 𝑗-th covariate and the response, elements of 𝜹(𝑗) will be concentrated 
around zero if the 𝑗-th covariate generally has no effect on the response variable that is being analyzed. Under the alternative hypoth-
esis of there being some relationship between the 𝑗-th covariate and the response, significantly associated variables under the alter-
native have 𝜹(𝑗) with magnitudes that largely deviate from zero. Since we are assessing a “shift” in function space, each 𝜹(𝑗) takes into 
account both additive and nonlinear effects for each variable. Note that the GOALS operator can be flexibly implemented by applying 
the factor 𝚵(𝑗) with any constant and even partitioning the data into subsets for which different values of the constant 𝜉 are used.

3.1. Probabilistic properties of GOALS

Although GOALS can be applied to any probabilistic model for the mean response for arbitrary features, we will demonstrate 
its properties using a weight-space Gaussian process regression model (e.g., similar to what is detailed in Eq. (3)). To begin, notice 
that 𝒇 and each 𝐠(𝑗) are dependent because they are derived from the same set of data 𝐗 and 𝐲, respectively. The joint distribution 
between length 𝑁 vectors 𝐲, 𝒇 , and {𝐠(𝑗)}𝐽

𝑗=1 can be specified via the following normal distribution

⎡⎢⎢⎢⎢⎢⎣

𝐲
𝒇

𝐠(1)
⋮

𝐠(𝐽 )

⎤⎥⎥⎥⎥⎥⎦
∼

⎛⎜⎜⎜⎜⎜⎝

⎡⎢⎢⎢⎢⎢⎣

𝟎
𝟎
𝟎
⋮
𝟎

⎤⎥⎥⎥⎥⎥⎦
,

⎡⎢⎢⎢⎢⎢⎣

𝐀 𝐊 𝐁(1) ⋯ 𝐁(𝐽 )

𝐊 𝐊 𝐁(1) ⋯ 𝐁(𝐽 )(
𝐁(1))⊺ (

𝐁(1))⊺ 𝐂(1) ⋯ 𝐃(1,𝐽 )

⋮ ⋮ ⋮ ⋱ ⋮(
𝐁(𝐽 ))⊺ (

𝐁(𝐽 ))⊺ 𝐃(𝐽 ,1) ⋯ 𝐂(𝐽 )

⎤⎥⎥⎥⎥⎥⎦

⎞⎟⎟⎟⎟⎟⎠
, (9)

where 𝐀 =𝐊 + 𝜎2𝐈 is the marginal variance of the response vector 𝐲; 𝐊 is the variance of 𝒇 using the original design matrix 𝐗 (as 
in previous notation); 𝐁(𝑗) is the covariance between 𝒇 and 𝐠(𝑗) using the original matrix 𝐗 and the perturbed matrix 𝐗 + 𝚵(𝑗); 𝐂(𝑗)

is the variance of 𝐠(𝑗) using the perturbed matrix 𝐗 + 𝚵(𝑗); and 𝐃(𝑗,𝑙) is the covariance between 𝐠(𝑗) and 𝐠(𝑙) having perturbed the 
𝑗-th and 𝑙-th feature, respectively. We can simplify the above by utilizing the fact that, when the variance function is shift-invariant, 
𝐂(𝑗) =𝐊 for all 𝑗. Using this, we can then derive the following joint distribution between 𝒇 and {𝐠(𝑗)}𝐽

𝑗=1, conditioned on the data

⎡⎢⎢⎢⎣
𝒇

𝐠(1)
⋮

𝐠(𝐽 )

⎤⎥⎥⎥⎦
||||𝐲 ∼

⎛⎜⎜⎜⎝
⎡⎢⎢⎢⎣

𝐊𝐀−1𝐲(
𝐁(1))⊺𝐀−1𝐲

⋮(
𝐁(𝐽 ))⊺𝐀−1𝐲

⎤⎥⎥⎥⎦ ,
⎡⎢⎢⎢⎣

𝐊−𝐊𝐀−1𝐊 𝐁(1) −𝐊𝐀−1𝐁(1) ⋯ 𝐁(𝐽 ) −𝐊𝐀−1𝐁(𝐽 )(
𝐁(1))⊺ − (𝐁(1))⊺𝐀−1𝐊 𝐊−

(
𝐁(1))⊺𝐀−1𝐁(1) ⋯ 𝐃(1,𝐽 ) −

(
𝐁(1))⊺𝐀−1𝐁(𝐽 )

⋮ ⋮ ⋱ ⋮(
𝐁(𝐽 ))⊺ − (𝐁(𝐽 ))⊺𝐀−1𝐊 𝐃(𝐽 ,1) −

(
𝐁(𝐽 ))⊺𝐀−1𝐁(1) ⋯ 𝐊−

(
𝐁(𝐽 ))⊺𝐀−1𝐁(𝐽 )

⎤⎥⎥⎥⎦
⎞⎟⎟⎟⎠ .

Lastly, we can write joint distribution for the GOALS operator 𝜹(𝑗) = 𝒇 − 𝐠(𝑗) as the following

⎡⎢⎢⎣
𝜹(1)

⋮
𝜹(𝐽 )

⎤⎥⎥⎦
||||𝐲 ∼

⎛⎜⎜⎝
⎡⎢⎢⎣
[
𝐊−

(
𝐁(1))⊺]𝐀−1𝐲
⋮[

𝐊−
(
𝐁(𝐽 ))⊺]𝐀−1𝐲

⎤⎥⎥⎦ ,
⎡⎢⎢⎣
𝚺(1) ⋯ 𝚺(1,𝐽 )

⋮ ⋱ ⋮
𝚺(𝐽 ,1) ⋯ 𝚺(𝐽 )

⎤⎥⎥⎦
⎞⎟⎟⎠ , (10)

where

𝚺(𝑗) =𝐊𝐀−1𝐊−
(
𝐁(𝑗))⊺𝐀−1𝐁(𝑗) −

[(
𝐁(𝑗))⊺ − (𝐁(𝑗))⊺𝐀−1𝐊+𝐁(𝑗) −𝐊𝐀−1𝐁(𝑗)]

𝚺(𝑗,𝑙) =𝐊−𝐊𝐀−1𝐊+𝐃(𝑗,𝑙) −
(
𝐁(𝑗))⊺𝐀−1𝐁(𝑙) −

[(
𝐁(𝑗))⊺ − (𝐁(𝑗))⊺𝐀−1𝐊+𝐁(𝑙) −𝐊𝐀−1𝐁(𝑙)] .

Theoretically, this results in a joint conditional distribution from which to estimate the posterior distribution of each 𝜹(𝑗) and obtain 
local interpretability. However, in many current data science applications, where data sets can include hundreds of thousands of 
5

observations that have been collected with millions of features, it is often desirable to use a more scalable computation than sampling 
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estimates from a full joint distribution. To that end, in this work, we will consider the posterior mean in Eq. (10) as estimates of local 
importance and then take the sample means of these values to get a measurement of global importance. More specifically, these two 
respective values are taken as the following

�̂�
(𝑗)

=
[
𝐊−

(
𝐁(𝑗))⊺]𝐀−1𝐲, 𝛿(𝑗) =

∑
𝑖

𝛿
(𝑗)
𝑖
∕𝑁. (11)

Derivations of the full joint distribution for the global importance scores [𝛿(1), … , 𝛿(𝐽 )], as well as an outline of how to extend GOALS 
to perform variable importance in probabilistic neural networks, can be found in the Supplementary Material.

3.2. Scalable computation

In practice, we can make use of a few additional matrix algebra properties to efficiently compute estimates from the otherwise 
computationally intensive distribution outlined in Eqs. (10) and (11). For demonstration, we will assume a Gaussian process with 
a radial basis covariance function 𝑘𝑖𝑖′ = exp{−𝜃‖𝐱𝑖 − 𝐱𝑖′‖2} where the bandwidth parameter 𝜃 is set using the “median criterion” 
approach to maintain numerical stability and avoid additional computational costs (Chaudhuri et al., 2017). First, it is important to 
note that the only matrix that needs to be recomputed for each feature 𝑗 is the matrix 𝐁(𝑗) which measures the covariance between 
the original 𝐗 and the perturbed 𝐗 + 𝚵(𝑗). When using the radial basis function, this matrix can be derived for the 𝑗-th feature by 
making the following rank one updates

𝑏
(𝑗)
𝑖𝑖′

= 𝑘
(
𝐱𝑖,𝐱𝑖′ + 𝝃(𝑗)

)
= exp

{
−𝜃 ‖‖‖𝐱𝑖 − (𝐱𝑖′ + 𝝃(𝑗)

)‖‖‖2
}

= exp
{
−𝜃
[‖‖𝐱𝑖 − 𝐱𝑖′‖‖2 − 2

(
𝐱𝑖 − 𝐱𝑖′

)⊺
𝝃(𝑗) + ‖‖‖𝝃(𝑗)‖‖‖2

]}
= exp

{
−𝜃 ‖‖𝐱𝑖 − 𝐱𝑖′‖‖2} exp{−𝜃

[
𝜉2 − 2𝜉

(
𝑥𝑖𝑗 − 𝑥𝑖′𝑗

)]
}

= 𝑘(𝐱𝑖,𝐱𝑖′ ) exp{−𝜃
[
𝜉2 − 2𝜉

(
𝑥𝑖𝑗 − 𝑥𝑖′𝑗

)]
},

where, similar to previous notation, 𝐱𝑖 and 𝐱𝑖′ are the 𝑖-th and 𝑖′-th rows of the design matrix 𝐗, and 𝝃(𝑗) is a row of the matrix 𝚵(𝑗)

where the 𝑗-th element is set to some positive constant 𝜉. We can restate the above in matrix notation as

𝐁(𝑗) =𝐊◦ exp
{
−𝜃
[
𝜉2𝟏𝟏⊺ − 2𝜉

(
𝐱∙𝑗𝟏⊺ − 𝟏𝐱⊺∙𝑗

)]}
, (12)

where 𝐱∙𝑗 is the 𝑗-th column in the matrix 𝐗 and ◦ denotes element-wise multiplication. The main summary is twofold. First, the 
magnitude of the GOALS operator computed using Eq. (11) will depend on the value of 𝜉. This relationship is most easily seen 
when the covariance function is linear (see the Supplementary Material). The second takeaway is that the computation of each 𝐁(𝑗)

only relies on linear operations after the initial computation of the radial basis covariance matrix 𝐊. These steps extend to other 
shift-invariant covariance functions (e.g., Laplacian and Cauchy) and a similar rank one update procedure can also be shown for the 
linear gram matrix (again see Supplementary Material).

3.3. Theoretical connection to Shapley additive explanations

The GOALS operator measures local importance by quantifying the change in function space that occurs when the 𝑗-th feature of 
interest is shifted by some nonzero factor. There is a theoretical connection between this strategy and “SHapley Additive exPlanation-
s” (SHAP) (Lundberg and Lee, 2017) which is a widely used post hoc local interpretability metric in the machine learning literature 
(e.g., Chen et al., 2022). Briefly, Shapley values assign feature importance weights based on game theoretic principles (Roth, 1988; 
Shapley, 1951) by essentially determining a payoff for all players when each player might have contributed more or less than the 
others when attempting to achieve the desired outcome. In applications, this is done by considering all possible subsets of variables 
that do not include the 𝑗-th feature  ⊆  ∖{𝑗} and then comparing their performance to the performance of a model trained on the 
same subset as well as the 𝑗-th feature  ∪ {𝑗}. This weighted average can be represented as the following formula

𝜙𝑗 =
∑

⊆ ∖{𝑗}

[ ||!(𝐽 − ||− 1)!
𝐽 !

](
𝒇∪{𝑗} − 𝒇

)
, (13)

where || is number of features in the subset  and | | = 𝐽 is the total number of features in the data. Keeping our notation 
consistent with previous sections, we say that 𝒇∪{𝑗} and 𝒇 are the GP regression model fits with and without the 𝑗-th feature 
added to the subset  , respectively.

Rather than removing a given feature from each subset and calculating model differences, GOALS perturbs each variable and 
calculates the corresponding difference in model fit. However, we can relate SHAP to GOALS by considering the special case of a 
single observation 𝑁 = 1. In this case, 𝑔(𝑗) = 𝑓 (𝐱 + 𝝃(𝑗)) where 𝝃(𝑗) is an 1 × 𝐽 vector of all zeros except for the 𝑗-th element which 
we set to be some positive constant 𝜉. Note that we can represent the “shifting” vector 𝝃(𝑗) as the following

(𝑗) [ ]

6

𝝃 = 𝜉 1{𝑗 = 1} ⋯ 1{𝑗 = 𝐽}, (14)
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where 1{∙} denotes an indicator function which is returns one for the 𝑗-th column and 0 otherwise. From this view, we can say that 
 ′ is the set of 𝐽 indicator random variables which make up elements of 𝝃(𝑗). We can also therefore rewrite the GOALS operator as

𝛿(𝑗) = 𝑓 − 𝑔(𝑗) = 𝑓 − 𝑓 ∪ ′ . (15)

If we set 𝜉 = −𝑥𝑗 , the GOALS operator behaves similarly to a SHAP value, as 𝐠(𝑗) represents the model fit where the 𝑗-th covariate is 
set to zero. In this case, GOALS could be seen as an approximation to SHAP where GOALS only considers the single subset of 𝐽 − 1
features, excluding the 𝑗-th feature, whereas SHAP considers every possible subsets of variables that do not include the 𝑗-th feature 
(which can be computationally intensive for large data sets).

Lastly, it is worth noting that there are scenarios where we would expect GOALS and SHAP to provide different local interpretabil-
ity rankings for the 𝑗-th covariate. The factorial in the SHAP weight computation in Eq. (13) favors both the smallest and largest 
subsets of  and penalizes subsets  of the size || ≈ 𝐽∕2. This means that if the 𝑗-th feature has an effect on the response via 
marginal effects, then both GOALS and SHAP are likely to give that feature a high ranking. If the 𝑗-th feature is only influential on a 
response through a moderate number of interactions (i.e., within sets of size 𝐽∕2), then GOALS may rank that feature higher (relative 
to other features) than SHAP will. However, on the other hand, if the 𝑗-th feature is influential through pairwise interactions with 
nearly all other features in the data set, then SHAP may provide a higher relative rank for that feature than GOALS — although, this 
scenario is probably least likely to happen in practice. Furthermore, SHAP may rank variables that are highly correlated with each 
other lower than GOALS — this is because the difference in model fits 𝒇∪{𝑗} − 𝒇 may be small when feature 𝑗 is highly correlated 
with features in  . We show that these expectations are supported empirically in the next section.

4. Results

We now illustrate the benefits of our simple approach for global and local interpretability in extensive simulations and real data 
analyses. First, we conduct a proof-of-concept simulation study to help the reader build a stronger intuition for how GOALS prioritizes 
influential variables on both a local and global scale, simultaneously. To provide concrete points of reference, we will also show how 
the Shapley Additive Explanations (SHAP) (Lundberg and Lee, 2017) approach assigns feature importance weights locally and we 
will demonstrate how the distributional centrality framework using the effect size analog with RATE performs global interpretability 
(Crawford et al., 2018, 2019). We also show that GOALS is much more scalable than both methods as both the number of observations 
and genetic markers increase. For the second analysis in this section, we implement a more realistic simulation scheme to assess how 
GOALS performs association mapping compared to various post hoc variable importance, Bayesian shrinkage, and regularization 
modeling techniques. Lastly, we apply the GOALS operator to six quantitative traits assayed in a heterogeneous stock of mice from 
Wellcome Trust Centre for Human Genetics (Valdar et al., 2006a,b).

4.1. Simulation studies

The general design of the following simulation studies has been previously used to explore the power of variable importance 
methods (Crawford et al., 2018, 2019; Demetci et al., 2021; Smith et al., 2023). Once again, let 𝐗 be a design matrix of 𝑁 observations 
with 𝐽 features. To generate synthetic data, we select a subset of causal features from the design matrix and then use the following 
linear model

𝐲 =
∑
𝑐∈

𝐱𝑐𝛽𝑐 +𝐖𝝉 +𝐙𝝎+ 𝜺, 𝜺 ∼ (𝟎, 𝜎2𝐈), (16)

where 𝐲 is a synthetic response vector of length 𝑁 ;  represents the set of all randomly selected causal features; 𝐱𝑐 is the 𝑐-th causal 
feature vector with a corresponding nonzero additive effect size 𝛽𝑐 ; 𝐖 is an 𝑁 ×𝑀 dimensional matrix which holds all pairwise 
interactions between the causal features, with the columns of this matrix assumed to be the Hadamard (element-wise) product 
between feature vectors of the form 𝐱𝑗◦𝐱𝑘 for the 𝑗-th and 𝑘-th features; 𝝉 is the 𝑀 -dimensional vector of interaction effect sizes; 𝐙
contains covariates representing additional population structure between the samples in the data with corresponding effects 𝝎; and 
𝜺 is an length 𝑁 vector of environmental noise. For simplicity, we will consider 𝐙 to be the top ten principal components (PCs) from 
the design matrix 𝐗. In these simulations, we assume that the total variation of the synthetic response variable is 𝕍 [𝐲] = 1. We allow 
the additive and interaction effect sizes to be randomly drawn from standard normal distributions, 𝜷𝑐 ∼ (𝟎, 𝐈) and 𝝉 ∼ (𝟎, 𝐈). 
Next, we scale the additive, pairwise interactions, population structure, and the environmental noise terms so that they collectively 
explain a fixed proportion of the total variance where

𝕍

[∑
𝑐∈

𝐱𝑐𝛽𝑐

]
= 𝜌𝑣2, 𝕍 [𝐖𝝉] = (1 − 𝜌)𝑣2, 𝕍 [𝐙𝝎] + 𝕍 [𝜺] = 1 − 𝑣2. (17)

Intuitively, 𝑣2 determines how much variance in the simulated response is due to signal versus noise, while 𝜌 is a mixture parameter 
which determines how much of the signal is driven by additive versus interaction effects. Below, we will consider studies where 
𝑣2 ∈ {0.3, 0.6}. We will also assess different cases by setting 𝜌 ∈ {0.5, 1}, where the former assumes that additive and interaction 
7

effects contribute equally to the total variation in the response, and the latter assumes only additive effects contribute to the signal.
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Proof-of-concept simulations: low-dimensional analysis In this subsection, we provide a low-dimensional proof-of-concept simulation 
study (i.e., 𝑁 > 𝐽 ). To accomplish this, we generate synthetic data 𝐗 with 𝑁 = 2000 observations and 𝐽 = 25 covariates where each 
feature is drawn from a standard normal distribution. In these simulations, we generate synthetic outcome variables using Eq. (16)
by fixing the signal-to-noise ratio to be 𝑣2 = 0.6 and omitting population structure effects by setting 𝝎 = 𝟎. Here, we assume some 
subset of the features  = {8, 9, 10, 23, 24, 25} to be causal. We then consider five different simulation scenarios:

• Scenario I (Additive and Interaction Effects): The subset {23, 24, 25} ⊆  are causal features, where all three have additive 
effects and features #23 and #24 interact with #25, respectively.

• Scenario II (Additive and Interactions Effects from Different Groups): All features in the set  are causal. Features #8-10 
only have interaction effects and features #23-25 only have additive effects. Specifically, features #8 and #9 each interact with 
#10, separately.

• Scenario III (Overlapping Additive and Interaction Effects): All features in the set  are causal. Features #23-25 each have 
additive effects; while, feature #8 interacts with #10 and #9 interacts with #25, respectively.

• Scenario IV (Interaction Effects Only): All features in the set  are causal only through interaction effects. Features #8 and 
#9 each interact with #10, separately; while, features #23 and #24 each interact with #25, separately.

• Scenario V (Noise Only): None of the features in the data have an association with the response. Represents the case when 
assumptions of the null model are met.

We want to point out that, while this is indeed a small proof-of-concept study, each of these cases highlight settings that we might 
experience in real applications. For each scenario, we fit a standard GP regression model similar to Eq. (3) under a zero mean prior 
and a radial basis covariance function.

Fig. 1 contains the global variable importance results for GOALS using perturbation parameter 𝜉 = 1 and RATE on Scenarios I-V 
for 100 simulated replicates. Here, we perform RATE on a GP model using effect size analogs computed with the linear projection 
as in Eqs. (4)-(6), while the GOALS operator is calculated on the GP model as in Eq. (11). In Fig. 1, the known causal features for 
each scenario are colored in blue. To compare the null hypotheses for the two approaches, we also display red dashed lines that are 
drawn at the level of relative equivalence (i.e., 1∕𝐽 ) for RATE and at zero for GOALS, respectively. For the alternative simulation 
Scenarios I-IV, any causal variables with importance scores above the significance thresholds 1∕𝐽 and 0 are considered to be true 
positives for RATE and GOALS — all other variables with importance scores above these thresholds are false discoveries. In the null 
simulation Scenario V, all variables should appear below the respective significance thresholds for both methods. Overall, we see 
that both methods perform similarly in identifying causal features that have both additive and interaction effects on the response 
(Fig. 1A). However, GOALS proves to be a better discriminator between causal and non-causal features than RATE when interaction 
effects occur in isolation (i.e., covariates are involved in interactions without necessarily having an additive effect). Importantly, 
GOALS exhibits a more robust control of the false negative rate in exchange for a slight increase in false discovery for these scenarios 
(see how the RATE and GOALS operators relate to the null threshold lines in Fig. 1B-D). This result highlights the potential limitation 
of the linear projection that RATE uses to compute the effect size analog and demonstrates its potential to miss associations that 
stem from nonlinear interactions (especially when features only have non-additive effects such as variables #8 and #9). Lastly, 
GOALS is better calibrated when data are generated from complete noise (i.e., when there are no true associations between features 
𝐗 and outcome 𝐲) (Fig. 1E). This is due to the fact that the GOALS operator assesses the global importance variables based on 
their individual contribution to the model fit. While the concept of relative centrality is intuitive, achieving a completely uniform 
distribution of RATE values at 1∕𝐽 under the null model will rarely happen in practice (especially in applications where spurious 
associations between correlated features and the modeled response can occur). In other words, due to the stochastic nature of data, 
one variable will always appear relatively more important than another which can lead to ill-informed analyses during downstream 
tasks under the RATE framework.

Another major contribution of GOALS is that it also provides local explanations of how variables affect model fit for each 
individual in the data. For example, in biomedical applications, this can yield key insight in the event that a gene is biomarker for 
only a specific subset a population. To demonstrate the utility of GOALS in this case, we consider a sixth simulation scenario where

• Scenario VI (Population Specific Effects): The subset {22, 23, 24, 25} ⊆  are causal features. Features #23-25 have additive 
and interaction effects that are associated with all individuals; while, feature #22 has an additive effect for only half of the 
population.

Fig. 2 shows the distribution of the local individual-level GOALS operator for variables #8, #22, and #25 in this split scenario. As 
a baseline, we also show results from running a local analysis with SHAP. For clarity, variable #8 is a non-causal feature in this 
scenario. There are a few key takeaways in this empirical illustration. First, when a feature has a no effect on the response, the 
distribution of the local scores for both GOALS and SHAP are centered at 0. Conversely, features with nonzero effects on the outcome 
have GOALS and SHAP operators with magnitudes that are centered distinctly away from the origin. One difference here is that 
the GOALS values tend to have the same sign, while the SHAP metric can be positive or negative. In the case where a feature has 
an effect for only a subset of the observed population, the local distribution of the SHAP and GOALS operators will be multimodal 
allowing for individualized summaries of variable importance on specific observations. In Fig. 2, this characteristic is more distinct 
8

with the GOALS operator where there is clearer separation in values for variable #22 in samples where it has a nonzero effect.
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Fig. 1. Proof-of-concept simulations to demonstrate how GOALS and RATE globally prioritize important variables with varying degrees of additive and 
interaction effects. These simple simulations assume that synthetic responses have a signal-to-noise ratio equal to 𝑣2 = 0.6 with (1 − 𝜌) = 0% to 50% of the signal 
stemming from interaction effects. Points highlighted in blue are covariates that have nonzero effects within each of the five different scenarios. To compare the null 
hypotheses for the two approaches, we also display red dashed lines that are drawn at the level of relative equivalence (i.e., 1∕𝐽 ) for RATE (left column) and at zero 
for GOALS (right column), respectively. Note that the scales of the y-axes are different because RATE is theoretically bounded on the unit interval [0, 1]. Here, the 
main takeaway is that, because the GOALS operator measures variable importance in function space, it is more robust to identifying features whose associations are 
driven primarily by interaction effects. All results shown in this figure are based on 100 replicates. (For interpretation of the colors in the figure(s), the reader is 
referred to the web version of this article.)

Method comparisons: high-dimensional global variable importance We now assess the power of GOALS and its ability to effectively 
prioritize causal variables in high-dimensional data settings. In this analysis, we use real data as our design matrix 𝐗 to generate 
a synthetic outcome 𝐲. Here, we take data from the Wellcome Trust Case Control Consortium (WTCCC) 1 study which initially 
consisted of 2,938 samples with 458,868 genetic features. The features in this data are known as single nucleotide polymorphisms 
(SNPs), each of which are originally encoded as 0, 1, 2 copies of a reference allele at each locus. We follow the same quality control 
procedures used in previous studies (The Wellcome Trust Case Control Consortium, 2007). Missing data were imputed by using the 
9

BIMBAM software (http://www .haplotype .org /bimbam .html; Servin and Stephens, 2007). In these simulations, we use all features 

http://www.haplotype.org/bimbam.html
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Fig. 2. Proof-of-concept simulations to demonstrate how GOALS and SHAP locally prioritize important variables that have varying level of effects on 
specific subsets of the population. These simple simulations assume that synthetic responses have a signal-to-noise ratio equal to 𝑣2 = 0.6 with (1 −𝜌) = 0% to 50% 
of the signal stemming from interaction effects. Points highlighted in blue are covariates that have nonzero effects within each of the five different scenarios. Here, 
each point is an individual. We highlight the local variable importance metrics for three specific features according (A) GOALS and (B) Shapley Additive Explanations 
(SHAP). In this simulation study, covariate #8 is null feature and does not contribute to the phenotypic variation; covariate #25 has additive and interaction effects 
that are associated with all individuals; and covariate #22 has an additive effect for only half of the population. A point is blue if the corresponding labeled covariate 
has a nonzero effect for that individual. The main takeaway of this analysis is that, in the case where a feature has an effect on the response for only a subset of the 
observed population, the local distribution of the SHAP and GOALS operators will be multimodal allowing for individualized summaries of variable importance on 
specific observations. The black dashed line is drawn at zero to represent a threshold where a feature has no effect for a given sample.

with minor allele frequencies (MAFs) above 1% on chromosome 22 to generate continuous outcome variables. After preprocessing, 
all genetic features were centered and scaled to have mean zero and standard deviation equal to one. Exclusively considering this 
group of individuals and SNPs resulted in a final data set consisting of 𝑁 = 2,938 samples and 𝐽 = 5,747 features.

During each simulation run, we randomly choose a set of || = 30 causal SNPs. Next, we set the signal-to-noise ratio 𝑣2 = 0.3
and consider two choices for the contribution stemming from interactions between causal features 𝜌 ∈ {0.5, 1}. We also consider 
simulations with and without population structure effects by allowing the top ten principal components (PCs) from the design matrix 
𝐗 to make up to 10% of the overall variation in the synthetic outcome variable 𝐲. In total, this resulted in four scenarios based on 
different parameter combinations: (i) 𝜌 = 1 and 𝕍 [𝐙𝝎] = 0; (ii) 𝜌 = 1 and 𝕍 [𝐙𝝎] = 0.1; (iii) 𝜌 = 0.5 and 𝕍 [𝐙𝝎] = 0; and (iv) 𝜌 =
0.5 and 𝕍 [𝐙𝝎] = 0.1. In other words, scenarios I and II consider data with only additive effects; while, scenarios III and IV consider 
data with both additive and interaction effects. Additionally, scenarios II and IV have the additional complexity of having nonzero 
effects from population structure which is not observed in scenarios I and III.

We compare the global power of the GOALS measure to a list of variable importance techniques. Specifically, these methods 
include: (a) the post hoc framework of estimating effect size analogs for the features used in a GP regression model and determining 
their importance using distributional centrality via RATE (Crawford et al., 2019); (b) a univariate linear model (SCANONE) (Yandell 
et al., 2007); (c) L1-regularized “least absolute shrinkage and selection operator” (LASSO) regression (Tibshirani, 1996); (d) the 
combined regularization utilized by the Elastic Net (Zou and Hastie, 2005); (e) a random forest (RF) (Ishwaran and Lu, 2019) fit with 
500 trees; a gradient boosting machine (GBM) (Friedman, 2001) fit with 100 trees; and a Bayesian additive regression tree (BART) 
(Chipman et al., 2010) fit with 200 trees and 1000 Markov chain Monte Carlo (MCMC) iterations. Note that SCANONE produces 
𝑃 -values, and the LASSO and the Elastic Net give magnitudes of regression coefficients. The latter two regularization approaches 
were fit by first learning tuning parameter values via 10-fold cross validation. Additionally, features in the RF and GBM are ranked 
by assessing relative influence which is computed by taking the average total decrease in the residual sum of squares after tree 
splitting on each variable; while, in BART, features are ranked by the average number of times that they are used in decisions for 
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each tree. Indeed, the SHAP value framework can also be used for post hoc assessment of global interpretability by taking the average 
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Fig. 3. Receiving operating characteristic (ROC) curves comparing the performance of GOALS against other global variable importance approaches in 
simulations. Here, synthetic responses are simulated to have a signal-to-noise ratio equal to 𝑣2 = 0.6 with only additive effects in panels (A) and (B), and a 
combination of additive and pairwise interaction effects in panels (C) and (D). This is controlled by a free parameter 𝜌 = {0.5, 1} which was used to determine the 
proportion of signal that is contributed by additivity. The response variables simulated in panels (B) and (D) also have the additional complexity of having population 
stratification effects. We show results using Gaussian process regression with GOALS across a wide range of values for the perturbation parameter 𝜉. Competing 
approaches include: Gaussian process regression with RATE (red), LASSO regularization (green), the Elastic Net (yellow), the SCANONE method (pink), a random 
forest (RF) (black), a gradient boosting machine (GBM) (grey), and a Bayesian additive regression tree (BART) (light blue). Methods using GOALS are illustrated as a 
solid lines, while the competing models are shown as dotted lines. Note that even though the GOALS value may be different depending on the choice of 𝜉 (see Figure 
S1), the relative importance ranking that it assigns to each feature remains the same. As a result, the performance of GOALS is not sensitive to the choice of 𝜉 in these 
simulations, so all solid lines fall on top of each other. Lastly, note that the upper limit of the x-axis (i.e., false positive rate) has been truncated at 0.20. All results are 
based on 100 simulated replicates.

of local scores across observations for each feature in the data. However, because the SHAP approach considers all possible subsets 
of features when determining variable importance, it does not scale well to high-dimensional settings. For this reason, we do not 
consider it for comparison in this simulation study (see next section for its application to a subset of real data).

Each method is evaluated based on its ability to effectively prioritize causal features in 100 different simulated data sets. We 
consider the 30 variables in the causal set  to be true positives and all other variables to be true negatives. The criteria we use 
compare the false positive rate (FPR) with the rate at which true causal variables are selected first by each model (TPR). This 
information is depicted as receiver operating characteristic (ROC) curves in Fig. 3. Specifically, for each method, we rank features 
from most to least important. Starting with the top ranked variable, we then use a sliding threshold to create a set of “selected” 
features. During each iteration, we compute the number of true and false positives in the selected set (which we will denote as TP 
and FP, respectively). We then calculate the TPR and FPR as the following
11

TPR = TP∕||, FPR = FP∕(𝐽 − ||), (18)
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where, again, || = 30 is the number of causal variables in the simulation and 𝐽 − || then represents the number of true negatives. 
Fig. 3 illustrates the mean ROC curve across all 100 replicates per simulation scenario, where the upper limit of the FPR on the x-axis 
has been truncated at 0.2. This is further quantified by assessing the entire area under the curve (AUC) in the legend for further 
comparison — where a higher AUC points to better model performance.

Overall method performance varies depending on the two factors: (a) the presence of interaction effects, and (b) additional 
structure due to population stratification. For example, most methods perform best in the first simulation scenario where data is 
generated by causal variables with only additive effects (e.g., Fig. 3A). This power generally decreases in the presence of population 
structure (e.g., Fig. 3B) or when causal variables are involved in pairwise interactions (e.g., Fig. 3C and 3D). GOALS outperforms 
LASSO, Elastic Net, RF, GBM, and BART consistently in every scenario and performs competitively with SCANONE and RATE in 
every scenario. More specifically, GOALS is a top performer in scenarios with additional population structure at lower false positive 
rates. While RATE performs generally well in each of these scenarios, the algorithm often takes much longer than GOALS to run as 
the number features increases. For a data set with 𝐽 = 500 features and 𝑁 = 1000 samples, RATE has an average runtime of 60 
seconds on computing cluster with 30 nodes whereas GOALS takes only a second to complete. Lastly, to illustrate the robustness 
of GOALS, we apply our method while using a range of values for 𝜉 = {0.05, 0.25, 0.5, 1, 1.5, 2} and show that the performance of 
GOALS is relatively robust to the choice made for this parameter in terms of prioritizing the correct causal features. Note however, 
as mentioned previously when discussing Eqs. (11) and (12), the magnitude of the GOALS operator will be affected by the value of 𝜉
(Figure S1). We argue that these simulations highlight GOALS as a reliable option for interpretability given its consistent performance 
across a wide range of scenarios and its scalability as data sizes increase. GOALS also has the additional benefit of allowing for local 
variable importance analyses which is something that RATE and SCANONE do not provide.

4.2. Global and local association mapping in heterogeneous stock of mice

In this section, we apply GOALS to genetic data from a heterogenous stock of mice collected by the Wellcome Trust Centre of 
Human Genetics (http://mtweb .cs .ucl .ac .uk /mus /www /mouse /index .shtml) (Valdar et al., 2006a,b). The genotypes from this study 
were downloaded directly using the BGLR-R package (Perez and de los Campos, 2014). This study contains 𝑁 = 1,814 heterogenous 
stock of mice from 85 families (all descending from eight inbred progenitor strains) and 131 quantitative traits that are classified into 
6 broad categories including behavior, diabetes, asthma, immunology, haematology, and biochemistry. Phenotypic measurements for 
these mice can be found freely available online to download (details can be found at http://mtweb .cs .ucl .ac .uk /mus /www /mouse /
HS /index .shtml). In this study, we focus on three of these complex traits: body weight, percentage of CD8+ cells, and high-density 
lipoprotein (HDL) content. Each of these phenotypes were previously corrected for sex, age, body weight, season, and year (Valdar et 
al., 2006a,b). For individuals with missing genotypes, we imputed values by the mean genotype of that SNP in their corresponding 
family. Only polymorphic SNPs with minor allele frequency above 5% were kept for the analyses. This left a total of 𝐽 = 10,227 
genetic features that were available for all mice.

We chose to analyze this particular data set for a few reasons. The first reason is that RATE has been previously applied to these 
same three traits to perform nonlinear post hoc variable importance (Crawford et al., 2019) — thus, it provides a methodological 
baseline for the performance of GOALS on the global level. The second reason is that common environmental effects caused by the 
mice sharing the same cage have been shown to have nonzero contribution to the overall variance observed in these traits (Crawford 
et al., 2018). Therefore, it means that one might expect to observe varying local SNP effects between mice assigned to different cages. 
Lastly, the mice in this study are known to be genetically related and the measured have varying levels of broad-sense heritability 
(i.e., signal-to-noise ratios) with nonzero contributions from both additive and non-additive genetic effects (Chen et al., 2012; Valdar 
et al., 2006b). As result, this data set represents a realistic mixture of the simulation scenarios we detailed in the previous sections.

For each trait, we fit a GP regression model with GOALS and RATE, a random forest (RF) (Ishwaran and Lu, 2019) fit with 
500 trees, a gradient boosting machine (GBM) (Friedman, 2001) fit with 100 trees; and a Bayesian additive regression tree (BART) 
(Chipman et al., 2010) fit with 200 trees and 1000 Markov chain Monte Carlo (MCMC) iterations. Figs. 4 and S2-S6 display the 
variant-level mapping results via Manhattan plots after assessing variable importance using GOALS with 𝜉 = 1, RATE, RF, GBM, and 
BART in HDL content, body weight, and the percentage of CD8+ cells, respectively. In these plots, larger values mean “enrichment” 
in a given genomic position. Notable SNPs are annotated and color coded according to their nearest mapped gene(s) as cited by 
the Mouse Genome Informatics database (http://www .informatics .jax .org/) (Bult et al., 2019). We also provide summary tables 
which lists the corresponding variable importance scores for all SNPs (see Tables S1-S3 in the Supplementary Material). In general, 
GOALS demonstrated the ability to identify biologically relevant signal in all three traits that were missed by the other competing 
approaches. This was most apparent in HDL where the top 10 highest ranked SNPs by RATE, RF, GBM, and BART were primarily 
located within two genes on the first and X chromosomes; but, the top 10 highest ranked SNPs by GOALS included 13 relevant 
genes across five different chromosomes (see Figs. 4 and S2). In addition to moderate signal on first and X chromosomes, GOALS 
also found signal on chromosomes 3, 11, 12,15, and 17. We hypothesize that GOALS prioritizes these additional genetic variants 
because it measures variable importance in function space and, thus, is better positioned to identify features whose associations are 
driven primarily by non-additive effects. Importantly, many of the candidate SNPs selected by GOALS (and their respective genes) 
have been previously discovered by past publications as having some functional relationship with HDL content. For example, Tcq12, 
Hyplip2, and Ddiab41 have all been shown to associated with fat, cholesterol, and metabolism (Bult et al., 2019; Gu et al., 1999; 
Lawson et al., 2011; Moen et al., 2007; Östergren et al., 2015; Valdar et al., 2006b).

There was notable overlap in the findings for all methods in the analysis of body weight and the percentage of CD8+ cells. For 
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example, each approach identified strong signal on the X chromosome for body weight, a genomic region that was also validated by 

http://mtweb.cs.ucl.ac.uk/mus/www/mouse/index.shtml
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http://www.informatics.jax.org/
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Fig. 4. Manhattan plot of variant-level association mapping results for high-density lipoprotein (HDL) content in the heterogeneous stock of mice data set 
from the Wellcome Trust Centre of Human Genetics (Valdar et al., 2006a,b). Panel (A) depicts the global GOALS measure (with 𝜉 = 1) of quality-control-positive 
SNPs plotted against their genomic positions after running a Bayesian Gaussian process (GP) regression on the quantitative trait. As a direct comparison, in panel (B), 
we also include results after implementing RATE on the same fitted GP model. In this figure, chromosomes are shown in alternating colors for clarity. The top 10 
highest ranked SNPs by GOALS and RATE, respectively, are labeled and color coded based on their nearest mapped gene(s) as cited by the Mouse Genome Informatics 
database (http://www .informatics .jax .org/) (Bult et al., 2019). These annotated genes are listed in the legends of each panel. A comparison of these results to a 
random forest (RF), a gradient boosting machine (GBM), and a Bayesian additive regression tree (BART) can be found in Figure S2. A complete list of the variable 
importance values provided by each method for all SNPs can be found in Table S1.

Valdar et al. (2006b) in the original study (see Figures S3 and S4). Here, all methods other than the random forest detected several 
adiposity-related genes, including Obq6 (Chen et al., 2012; Taylor et al., 1999) and Dbts2 (Cheverud et al., 2004). For the percentage 
of CD8+ cells, all methods identified many genes on chromosome 17 which are known to greatly determine the ratio of T-cells 
(Yalcin et al., 2010), and some have been suggested to modulate cell adhesion and motility in the immune system (Kim et al., 2006) 
(see Figures S5 and S6). Overall, out of the top ten most prioritized variables ranked by post-hoc approaches GOALS and RATE, there 
was a 30% overlap for body weight and a 90% overlap for the percentage of CD8+ cells. For the latter, only GOALS prioritized a 
SNP on Chromosome 4 which harbors genes Lpq1 involved in pairwise interactions that are associated with lymphocyte percentage 
(Miller et al., 2020).

Once again, the additional benefit of GOALS is its ability to also perform local variable importance for individual samples. In 
this particular data set from the Wellcome Trust Centre of Human Genetics, shared common environments between mice have been 
shown to contribute to the phenotypic variation of complex traits (Crawford et al., 2018; Valdar et al., 2006a,b). For example, dietary 
and immunological phenotypes could depend heavily on the distribution of food and water in each cage. To that end, we assessed 
the local GOALS metrics for notable SNPs across mice according to the cages in which they were assigned during the study. In Fig. 5, 
we take the two SNPs with the greatest global GOALS value in each trait and plot the local values for the 4 cages with the greatest 
and least local means. As a direct comparison, we also implement SHAP on the same set of SNPs. Note that due to computational 
considerations, SHAP is implemented by only considering all possible subsets of features on a given chromosome when computing 
local variable importance. Specifically, to run SHAP, we limit the data to include 372 SNPs on the X chromosome for body weight 
(runtime approximately 8 hours), 375 SNPs on chromosome 17 for percentage of CD8+ cells (runtime approximately 8 hours), and 
758 SNPs on chromosome 3 for HDL content (runtime approximately 23 hours). GOALS, on the other hand, is implemented on the 
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full genome-wide data set. Overall, our proposed measure does indeed seem to capture environmental variation. This is again most 
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Fig. 5. Plot of local variable importance according to GOALS and SHAP as a function of cage for notable genetic variants in the analysis of the heterogeneous 
stock of mice data set from the Wellcome Trust Centre of Human Genetics (Valdar et al., 2006a,b). Here, we show how SNPs have varying levels of importance 
for individual mice depending on the cage they were assigned to in the study. The traits analyzed here include (A, D, G, J) body weight (BW); (B, E, H, K) high-density 
lipoprotein (HDL) content; and (C, F, I, L) percentage of CD8+ cells. The blue and red points are the mean local GOALS and SHAP values for each cage, respectively, 
and the grey lines show the total distribution for each score. In this plot, we take the two SNPs with the greatest global GOALS value in each trait and plot the 
local values for the 4 cages with the greatest and least local means. The black dashed line is drawn at zero to represent a threshold where a SNP has no effect for 
a given mouse. Note that due to computational considerations, SHAP is implemented by only considering all possible subsets of features on a given chromosome 
when computing local variable importance. Specifically, to run SHAP, we limit the data to include 372 SNPs on the X chromosome for body weight, 375 SNPs on 
chromosome 17 for percentage of CD8+ cells, and 758 SNPs on chromosome 3 for HDL content. GOALS is implemented on the full genome-wide data set.

apparent in HDL where the top SNPs rs13459070 (chromosome 3) and rs3721166 (chromosome 15) have very different effects on 
mice in different cages (e.g., Fig. 5 in panels B, E, H, and K). Altogether, these sets of results would allow practitioners to perform 
deeper and more nuanced downstream analyses of phenotypic behavior in different populations.

5. Discussion

In this paper, we proposed the “GlObal And Local Score” (GOALS) operator: a general approach for regression models that assesses 
variable importance for features at both the local and global levels of data, simultaneously. While this novel post hoc interpretability 
measure can be used for any type of statistical model, we described the probabilistic properties of GOALS assuming we have fit a 
Gaussian process regression model with a shift-invariant covariance function. Through extensive simulations, we showed that our 
new measure can be used for feature selection and gives comparable state-of-the-art performance even in the presence of population 
14

structure (Figs. 1-3 and S1). The added benefit of GOALS is its ability to also understand how features affect individual samples on 
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the local level and its computational efficiency to reach conclusions with much improved runtime as the dimensions of data increase. 
In applications to a real data set from the Wellcome Trust Centre of Human Genetics (Valdar et al., 2006a,b), we showed that 
GOALS has the ability to identify a greater number of trait-relevant genomic loci in a heterogenous stock of mice that have also been 
detected in many previous publications (Figs. 4 and S2-S6 and Tables S1-S3). The first key part of this analysis showed that GOALS 
incorporates non-additive information to find genetic signal that were missed by other approaches. The main takeaway from the 
real data analysis was that GOALS can provide local interpretability which enables downstream analyses to investigate how and why 
specific biomarkers are enriched for specific subsets of a population (Fig. 5). In this study, we saw how genetic variants associated 
with high density lipoprotein (HDL) content had varying local effects among mice assigned to different cages — potentially, as a 
result of differing environments such as access to food and water. Ultimately, we hope that GOALS will encourage the continued 
development of probabilistic machine learning methods that can analyze complex data at the local and global levels.

The current implementation of the GOALS framework offers many directions for future development. First, while GOALS provides 
a measure of general association for nonlinear methods, it cannot be used to directly identify the component (i.e., linear versus 
nonlinear) that drives individual variable importance. Thus, despite being able to detect variables that are important to a response 
in a nonlinear fashion, GOALS is unable to directly identify the detailed orders of interaction effects. This same limitation also exists 
with distributional centrality measure such as RATE. A key part of our future work is to continue learning how to disentangle this 
information (e.g., very similar to the goals of Kowal, 2021; Woody et al., 2021). As another extension, GOALS does not enforce 
any sparsity or shrinkage when performing variable importance. Thus, while it has a natural null hypothesis, we do not provide a 
significance threshold for variable selection. Common examples in the statistics literature include a Bonferroni-corrected threshold 
(Gordon et al., 2007) or selection based on a median probability model (Barbieri and Berger, 2004). One natural solution would 
be to utilize the posterior variances of 𝜹(𝑗) and 𝛿(𝑗) which are derived and provided in the Supplementary Text. Another natural 
solution could be to permute the response variable and refit the model a number of times to choose a GOALS-specific family-wise 
error rate (FWER) (e.g., Hoti and Sillanpää, 2006; Stephens and Balding, 2009); however, this can be computationally intensive. 
One alternative could be to sample a collection of 𝜹(𝑗) from the posterior distribution as specified in Eq. (10) and select significant 
variables based on a metric like a local false sign rate (Stephens, 2016). Lastly, univariate variable importance methods have been 
shown to be underpowered in settings where there are many causal variables with small effects. In many applications, particularly in 
biomedicine, recent methods have utilized prior knowledge to test groups of variables at a time to improve power (Carbonetto and 
Stephens, 2013; Cheng et al., 2020; de Leeuw et al., 2015; Demetci et al., 2021; Ish-Horowicz et al., 2019; Lamparter et al., 2016; Liu 
et al., 2010; Nakka et al., 2016; Sun et al., 2019; Wu et al., 2010; Zhu and Stephens, 2018). This same group hypothesis extension 
can also be extended to the GOALS framework by simply perturbing multiple variables at a time.

Software details

Code for implementing the “GlObal And Local Score” (GOALS) operator is freely available at https://github .com /lcrawlab /
GOALS, and is written in a combination of R and C++ commands. Software for computing the “RelATive cEntrality” (RATE) measure 
is carried out in R and Python code which is freely available at https://github .com /lorinanthony /RATE. The LASSO and elastic net 
regression models were run using the glmnet package in R (Friedman et al., 2010), while SCANONE was implemented using the 
baseline lm() function in R. The random forest was fit using the randomForest package (Liaw and Wiener, 2002), the gradient 
boosting machine was fit using the gbm package (Friedman, 2001), and the Bayesian additive regression tree was fit using the BART
package (Sparapani et al., 2021) — also all in R. Lastly, the SHapley Additive exPlanation approach was implemented using the shap
package in Python.
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